Transient flow of rarefied gas through an orifice caused by various pressure ratios between the reservoirs is investigated for a wide range of the gas rarefaction, varying from the free molecular to continuum regime. The problem is studied on the basis of the numerical solution of unsteady S-model kinetic equation. It is found that the mass flow rate takes from 2.35 to 30.37 characteristic times, which is defined by orifice radius over the most probable molecular speed, to reach its steady state value. The time of steady flow establishment and the steady state distribution of the flow parameters are compared with previously reported data obtained by the Direct Simulation Monte Carlo (DSMC) method. A simple fitting expression is proposed for the approximation of the mass flow rate evolution in time.
and the gas starts to flow from the upstream reservoir to the downstream one. 48 Let us introduce a cylindrical coordinate system (r , ϑ, z ) with the origin 49 positioned at the center of the orifice and the Oz axis directed along the axis of 50 the reservoirs (see the lateral section shown in Fig. 1 ). We assume that the flow 51 is cylindrically symmetric and does not depend on the angle ϑ and therefore the 52 problem may be considered as two dimensional in the physical space with the 53 position vector s = (r , z ).
54
The gas-surface interaction has a very small impact on an orifice flow [14] ; 55 consequently, this flow is governed by two principal parameters: the pressure 56 ratio p 1 /p 0 and gas rarefaction δ determined as
where µ 0 is the viscosity coefficient at the temperature T 0 , υ 0 is the most prob-58 able molecular speed at the same temperature; m is the molecular mass of the 59 gas; k is the Boltzmann constant. It is to note that the gas rarefaction param-60 eter is inversely proportional to the Knudsen number; i.e., when δ varies from 61 0 to ∞, the flow regime changes from the free molecular to the hydrodynamic 62 regime.
63
It is convenient to define the characteristic time t 0 of the flow as follows
The unsteady S-model kinetic equation [15] is used to simulate the transient rarefied gas flow through the orifice. The conservative formulation of this 66 equation [16] , [17] is implemented
(3) The main unknown is the molecular velocity distribution function f (t , s , υ), 68 υ = (υ p cos ϕ, υ p sin ϕ, υ z ) is the molecular velocity vector representing the 69 molecular velocity space. The polar coordinates are introduced in a plane 70 (υ r , υ ϑ ) and υ p , ϕ are the magnitude and orientation of the molecular velocity 71 vector in this (υ r , υ ϑ ) plane. The molecular collision frequency ν is supposed 72 to be independent on the molecular velocity and can be evaluated [15] by
The equilibrium distribution function f S [15] in eq. (3) is defined in as
where f M is the local Maxwellian distribution function, V = υ − u is the pe-75 culiar velocity vector, u = (u r , 0, u z ) is the bulk velocity vector, q = (q r , 0, q z ) 76 is the heat flux vector, n is the gas numerical density. 77 It is useful to define the dimensionless variables as follows 78 t = t t 0 , s = s R 0 , c = υ υ 0 , u = u υ 0 , n = n n 0 ,
with the help of the state equation p 0 = n 0 kT 0 . In relations (6), the dimension-79 less molecular velocity vector c is equal to (c p cos ϕ, c p sin ϕ, c z ).
80
In this study, the inverse power law potential is employed as the molecu-81 lar interaction potential; therefore, viscosity can be calculated by power law 82 temperature dependence as
where ω is the viscosity index, which is equal to 0.5 for Hard Sphere model and 84
1 for the Maxwell model [18] .
85
Incorporating dimensionless quantities (6) into S-model kinetic equation (3), 86 the dimensionless conservative form of governing equation is obtained
The above equation is subjected to the following boundary conditions. The 88 distribution function of outgoing from the axis molecules f + is calculated from 89 the distribution function of incoming to the axis molecules f − taking into ac-90 count the axisymmetric condition as
where the superscripts + and − refer to the outgoing and incoming molecules, 92 respectively. It is supposed that the computational domain is large enough for 93 obtaining the equilibrium far-field. Hence, we assume that the molecules enter-94 ing the computational domain are distributed according to the Maxwellian law 95 with the parameters determined by the zero-flow at the pressure and tempera-96 ture corresponding to each reservoir as follows
here R L , R R and Z R , Z L are the radial and axial dimensions of the left and 98 right reservoirs, respectively.
99
Since the influence of the gas-wall interaction on the flow is week (see Ref.
100
[14]) , the fully diffuse scattering is implemented for the molecules reflected from 101 both sides of the wall, which separates the two reservoirs, i.e.
where the superscripts ∓ refers the left (−) and the right (+) sides of the wall.
103
The unknown values of the number density at the wall surfaces n ∓ w are found 104 from the impermeability conditions
where dc = c p dc p dϕdc z .
106
The dimensionless macroscopic flow parameters are defined through the dis-107 tribution function as follows
The mass flow rate is practically the most significant quantity of an orifice 110 flow and can be calculated as
The steady state mass flow rate into vacuum p 1 /p 0 = 0 under the free molecular 112 flow conditions (δ = 0) was obtained analytically in Refs. [19] , [20] , [18] as
and this quantity is used as reference value for the reduced mass flow rate
The dimensionless mass flow rate is obtained by substituting eqs. (6), (14), (15)
Initially the upstream and downstream reservoirs, separated by a diaphragm, are 117 maintained at the pressures p 0 and p 1 , respectively, and at the same temperature 118 T 0 . At time t = 0, just after the diaphragm opening, the mass flow rate is equal
In the next sections we present the numerical approach for the solution of Firstly, the discrete velocity method (DVM) is used to separate the contin-124 uum molecular magnitude velocity spaces c p = (0, ∞), c z = (−∞, ∞) in the discretization using increasing power-law of 1.05 is implemented for both radial 138 and axial directions, as it is illustrated in Fig. 1 .
139
The spacial derivatives are approximated by one of two upwind schemes: 140 the first-order accurate scheme or second-order accurate TVD type scheme.
141
The time derivative is approximated by the time-explicit Euler method. The implemented approximations are discussed in Section 4.1.
146
As an example the second-order accurate TVD upwind scheme with the 147 time-explicit Euler approximation is given for the case of cos ϕ l > 0, sin ϕ l > 0 148 and c zn > 0, when the kinetic equation (8) is replaced by the set of independent 149 discretized equations
In eq. (18), the approximation of derivative 152 of axisymmetric transport term (with respect to ϕ) is implemented with trigono-153 metric correction [23] , which helps to reduce considerably the total number of 154 grid points N ϕ in the polar angle velocity space ϕ.
155
The second-order edge fluxes in the point of physical space i, j are computed 156 as 157 F k i±1/2,j,l,m,n = f k i±1/2,j,l,m,n r j , F k i,j±1/2,l,m,n = f k i,j±1/2,l,m,n r j±1/2 (19) 158 f k i+1/2,j,l,m,n = f k i,j,l,m,n + 0.5∆z i+1 minmod(D i+1/2,j,l,m,n , D i−1/2,j,l,m,n ) if c zn ≥ 0 f k i+1,j,l,m,n − 0.5∆z i+1 minmod(D i+3/2,j,l,m,n , D i+1/2,j,l,m,n ) if c zn < 0,
(21) The slope limiter minmod introduced in [24], [21] is given by 160 minmod(a, b) = 0.5(sign(a) + sign(b)) min(|a| , |b|).
6 
The details of computational grid parameters are given in Table 1 .
161
Concerning the temporal discretization, the time step should satisfy the 162 classical Courant-Friedrichs-Lewy (CFL) condition [25] and must also be smaller 163 than the mean collision time, or relaxation time, which is inverse of the collision 164 frequency ν. Consequently, the time step must satisfy the following criterion
As the mass flow rate is the most important characteristic of the flow through 166 an orifice the convergence criterion is defined for this quantity as follows
where ε is a positive number and it is taken equal to 10 −6 . It is to note that this achieved, is notified as t ε and the corresponding mass flow rate as W = W (t ε ).
176
It is to underline that the mass flow rate was chosen here as the convergence 177 parameter, as it is the most important and useful characteristic of the flow.
rule is used for the approximation of the integrals over ϕ space. After that, the 197 It is to be noticed that the problem is six dimensional in the phase space: whereas the first-order accurate scheme takes 242 seconds for the same task.
212
These wall-clock times are 2585 and 1518 seconds for second-oder accurate TVD 213 scheme and first-order accurate scheme, respectively, when only 1 core is used. Therefore all simulations are carried out by using the TVD scheme.
231
After the various numerical tests the optimal dimensions of the numerical 232 grid are found (shown in Table 1 ), which guarantee the numerical uncertainty for 233 for the chosen numerical grid in the physical space, see Table 1 , the latter 237 restriction is satisfied automatically. Therefore a unique time step ∆t = 0.1543× 238 10 −4 is used for all the presented here cases. discrepancy is less than 5% for all considered cases.
245
The values of mass flow rate W (t) at several time moments, from t = 0 to 246 ∼ 40, are given in Table 3 . The column (t ε ) corresponds to the time needed to 247 reach the convergence criterion (24).
248
To have an estimation of the computational efforts required to achieve the 249 convergence criterion (24) the corresponding dimensionless time t ε and the num- to hydrodynamic regime, whilst that for p 1 /p 0 = 0.5 and 0.9 is in slip regime.
255
Nevertheless, the fastest convergence rate is observed at transitional regime for 256 all pressure ratios.
257
The evolution of the mass flow rate W (t) to its steady state value (given in 258 Table 3 ) is also demonstrated in Fig. 3 for different pressure ratios. The time 259 interval shown in Fig. 3 is restricted to the time equal to 40 even if the flow 260 does not completely establish for this time moment in the case of pressure ratio 261 equal to 0.9. The common behavior is observed for the pressure ratios 0 and 262 0.1 with relatively rapid mass flow rate establishment. It is to note that, in the 263 hydrodynamic regime, the slope of the mass flow rate evolution reduces sharply 264 for the both pressure ratios near the time equal to 3 whilst this slope reduction 265 is smooth for other pressure ratios. We can observe anew the longer time of the 266 9 steady state flow establishment for p 1 /p 0 = 0.9 in whole range of the rarefaction 267 parameter, see Fig. 3d ).
268
In the hydrodynamic flow regime the mass flow rate has a maximum, than 269 it decreases to reach after its steady state value from above. This tendency is 270 visible in the hydrodynamic regime, but the same trend appears in all other 271 regimes, though there it is less apparent because the amplitude of the mass flow 272 rate changes is smaller. The non monotone behavior of the residual, see Fig.   273 2, confirms the oscillatory character of the mass flow rate conducting in time.
274
This behavior is related to the propagation of the initial perturbations created 275 by the orifice opening toward the boundary of the computational domain. It is 276 to note that the similar behavior of the mass flow rate was observed also in Ref.
277
[11].
278
To characterize the mass flow rate evolution in time we introduce also the 279 time t s as a last time moment when the mass flow rate differs by 1% from 280 its steady state value W (t ε ). The values of t s for various pressure ratios and 281 the rarefaction parameters are provided in Table 3 . The two main trends for 282 time t s , column (t s ) in Table 3 , are found: for the pressure ratios 0, 0.1 and 283 0.5 the longest time to reach the steady state is needed under the transitional 284 flow regime (δ = 1), whilst for the pressure ratio 0.9 this maximum of time t s 285 appears in the slip flow regime (δ = 10). For the all considered pressure ratios 286 the minimum of t s corresponds to the near free molecular flow regime (δ = 0.1).
287
It is to note that the exceptionally long time to steady state flow establishment 288 is found in the case p 1 /p 0 = 0.9 and (δ = 10).
289
The time to steady state mass flow rate establishment, t s , is compared to 290 the corresponding quantity t * s , obtained by DSMC method in Ref.
[11], see the 291 last column of Table 3 . The values of t * s provided in Ref.
[11] are slightly smaller 292 than those obtained in the present simulations. The largest difference between 293 two values in more than 2 times, corresponds to the pressure ratio equal to 0.5 294 in the near hydrodynamic regime (δ = 100), see Table 3 . It is noteworthy that 295 due to the statistical scattering of the DSMC technique the estimation of the 296 time to establish the steady flow is more difficult from the DSMC results than 297 by applying the DVM method.
298
From dimensionless time t s provided in Table 3 , one can calculate easily 299 the dimensional time t s needed to obtain the steady-state mass flow rate by Table 3 ) is equal to 6.95 and the 306 corresponding dimensional time is 3.11µs.
307
The mass flow rate as a function of time was fitted using the following model 308
where the value at the time moment t = 0 is calculated as W t=0 = 1 − p 1 /p 0 and 309 W t=tε is the value of the mass flow rate corresponding to the time moment t = t ε 310 ratios and rarefaction parameters are provided in Table 5 with the corresponding 313 uncertainty. It is to note that very similar values of τ are found for the pressure 314 ratios 0 and 0.1 for all rarefaction range. For the pressure ratios 0.5 and 0.9 315 and for the high level of gas rarefaction also the similar values of the fitting 316 parameter τ are found. However in the slip and hydrodynamic flow regimes 317 these values become larger, see Table 5 .
318 Figure 4 demonstrates that the exponential representation in form of eq.
319
(25) gives the good estimation for the time evolution of the mass flow rate.
320
The coefficient of determination R 2 of the fitting curve is equal, for example, to 321 0.990 for the case p 1 /p 0 = 0.9 and δ = 1 and decreases to 0.973 for p 1 /p 0 = 0.9 322 and δ = 100. The maximal difference between the values of the mass flow rate,
323
given by the fitting curve and by the numerical solution of the S-model kinetic 324 equation, is less than 5% for the case p 1 /p 0 = 0.9 and δ = 100 and it is of the 325 order of 0.3% for the same pressure ratio and δ = 1. δ Characteristic time τ p 1 /p 0 = 0. 0.1 0.5 0.9 0.1 3.415 ± 0.029 3.484 ± 0.028 3.546 ± 0.024 3.561 ± 0.023 1.
2.940 ± 0.034 3.112 ± 0.031 3.429 ± 0.028 3.551 ± 0.028 10. 2.286 ± 0.032 2.393 ± 0.030 3.269 ± 0.039 6.459 ± 0.013 100. 1.879 ± 0.032 1.731 ± 0.019 2.072 ± 0.037 5.597 ± 0.083 up to its initial value far from the orifice in the downstream reservoir. The 337 temperature drop is larger for the smaller values of the pressure ratio: the tem-338 perature decreasing just after the orifice is of the order of 25% for p 1 /p 0 = 0.1 339 and δ = 1 and it becomes very small (less than 1%) when the pressure ratio 340 increases up to 0.9. The macroscopic flow velocity increases through the ori-341 fice and its rise depends also on the pressure ratio: for the smaller value of 342 the pressure ratio the flow acceleration is higher. Far from the orifice in the 343 upstream and downstream reservoirs the flow velocity goes down to zero. It is 344 to note that for the larger pressure ratio p 1 /p 0 = 0.9 even in the case of the 345 near hydrodynamic flow regimes, δ = 100, the time dependent behaviors of the macroscopic parameters are similar to the previously described. Completely different behavior is observed for the all considered pressure 354 ratios, except the case of p 1 /p 0 = 0.9, in the near hydrodynamic flow regime 355 (δ = 100). For the pressure ratio p 1 /p 0 = 0.5, see Fig. 6 , the shock wave 356 appears in the right reservoir and it moves toward the downstream boundary.
357
For the pressure ratio (p 1 /p 0 = 0.1) the particular flow behavior is observed: 358 the spatial cell structure of axisymmetric mildly under-expanded jet appears, 359 formed by the system of incident and reflected shock and compression waves, 360 see Fig. 7 . The distribution of the macroscopic flow parameters for this case 361 is shown on Fig. 8 . In contrast with the previous case, the first cell shock 362 structure does not move and the second shock wave forms after the first one 
which predicts the Mach disk location at z M /R 0 = 4.24 from the orifice, so very 367 good agreement is found between the numerical result and empirical relation 368 (26).
369
The streamlines for the case p 1 /p 0 = 0.1 are provided in Fig. 9 . It can 370 be seen that the flow field is non symmetric and that the streamlines are not 371 parallel to the axis of symmetry.
372
In the case of the gas expansion into vacuum (p 1 /p 0 = 0) the shock wave 373 does not appear any more. Expression (26) predicts also that the shock wave 374 position tends to infinity (z M /R 0 → ∞). In this case the flow velocity reach its 375 maximal value, which depends only on the gas temperature in the inlet reservoir.
376
Under the hypothesis of the adiabatic expansion and the energy conservation 377 the following expression for the macroscopic velocity was obtained in Ref. [28] :
The numerical value of the maximal macroscopic velocity is equal to 1.588 which 379 is very close to that predicted by eq. (27). to increases when pressure ratio decreases, see Table 3 and Fig. 11 , especially 
